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pAbstract In the present paper, we consider the generalized Baskakov operators
having the weight functions of Beta basis functions. We study the rate of conver-
gence for functions having derivatives of bounded variation.
ª 2011 King Saud University. Production and hosting by Elsevier B.V.
All rights reserved.Introduction
To approximate Lebesgue integrable functions on the interval [0,1), Gupta [6]
introduced the integral modiﬁcation of the well known Baskakov operators by
taking the weight functions of Beta basis functions. It was observed in [6] that
by taking weights of Beta basis functions, one can have better approximation than
the usual Baskakov–Durrmeyer operators [7]. In [6] the author has estimated an
asymptotic formula and error estimation in simultaneous approximation for the
Baskakov–Beta operators. In recent years a lot of work has been done on suchaud University. Production
.V. All rights reserved.
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40 V. Gupta, R. Yadavoperators, we refer to some of the important papers on the recent developments on
similar types of operators (see [1–5,8], etc.). We can deﬁne the Baskakov–Beta






bnr;kþrðtÞfðtÞdt; ð1:1Þwhere n 2 N, r 2 N0, n> r and the Baskakov and Beta basis functions are respec-









ð1þ tÞnþkþ1 ;and Bðm; nÞ ¼ ðm1Þ!ðn1Þ!ðnþm1Þ! .
The rate of convergence for certain Durrmeyer type operators and their Be´zier
variants is one of the important areas of research in recent years. Zeng and collab-
orators have done commendable work in this direction and they estimated the rate
of convergence for bounded/bounded variation functions (see [9–11]). In the pres-
ent article, we extend the studies and here we estimate the rate of convergence for
functions having derivatives of bounded variation.
Auxiliary results
In the sequel, we need the following results:






bnr;kþrðtÞðt xÞmdt:Then,Tn;r;0ðxÞ ¼ 1; Tn;r;1ðxÞ ¼ ð1þ rÞ þ xð1þ 2rÞ
n r 1 ; n > rþ 1andTn;r;2ðxÞ ¼ 2ð2r
2 þ 4rþ nþ 1Þx2 þ 2ð2r2 þ 5rþ nþ 2Þxþ r2 þ 3rþ 2
ðn r 1Þðn r 2Þ ;
n > rþ 2:
Also for n> m+ r + 1, there holds the recurrence relation:ðnm r 1ÞTn;r;mþ1ðxÞ ¼ xð1þ xÞ T0n;r;mðxÞ þ 2mTn;r;m1ðxÞ
h i
þ ½ðmþ rþ 1Þð1þ 2xÞ  xTn;r;mðxÞ:
Rate of convergence for generalized Baskakov operators 41Consequently for all x 2 [0,1), we haveTn;r;mðxÞ ¼ Oðn½ðmþ1Þ=2Þ;where [a] denotes the integral part of a.
Remark 1. From Lemma 1, taking n to be sufﬁciently large, x 2 (0,1), we observe
that2xð1þ xÞ
n r 2 6 Tn;r;2ðxÞ 6
Cxð1þ xÞ
n r 2 ; for ðC > 2Þ:Remark 2. Applying the Cauchy–Schwarz inequality and keeping the same condi-












:Lemma 2. Suppose that x 2 (0,1) and C> 2, then for sufﬁciently large n,













bnr;kþrðtÞdt6 Cxð1þ xÞðn r 2Þðz xÞ2 ; x< z<1:Proof. The proof follows directly from Remark 1, as for the ﬁrst inequality, for















ðy xÞ2 dt ¼
Tn;r;2ðxÞ
ðy xÞ2
6 Cxð1þ xÞðn r 2Þðx yÞ2 :Similarly, we can prove the second inequality. h
Lemma 3. Let us consider that f be s times differentiable on [0,1) such that
f(s1)(t) = O(tq), as tﬁ1 where q is a positive integer. Then for any r, s 2 N0
and n> max{q, r + s + 1}, we have




































ð1þ xÞnþkþ1 :ThusD½pn;kðxÞ ¼ n½pnþ1;k1ðxÞ  pnþ1;kðxÞ: ð2:1ÞProceeding along similar lines, we haveD½bn;kðxÞ ¼ n½bnþ1;k1ðxÞ  bnþ1;kðxÞ ð2:2ÞThe identities (2.1) and (2.2), are true even for the case k= 0, as we observe that
bn+1,negative(x) = 0 and pn+1,negative(x) = 0. We shall prove the result by using the







¼ ðnþ r 1Þ!ðn r 1Þ!ððn 1Þ!Þ2
X1
k¼0




















n r 1 fðtÞdt







¼ Vn;rþ1ðDf; xÞ;which means that the identity is satisﬁed for s= 1. Let us suppose that the result
holds for s= l, i.e.,DlVn;rðf;xÞ ¼ Vn;rþlðDlf; xÞ







































n r l 1 D
lfðtÞdt:








Thus the result is true for s= l+ 1, hence by mathematical induction, proof of
the lemma is complete. hRate of convergence
The class of absolutely continuous functions f deﬁned on (0,1) is deﬁned by
Bq(0,1), q> 0 and satisfying:
(i) |f(t)| 6 C1tq, C1 > 0,
(ii) having a derivative f0 on the interval (0,1) which coincide a.e. with a func-
tion which is of bounded variation on every ﬁnite sub-interval of (0,1). It
can be observed that for all functions f 2 Bq(0,1) possess for each C> 0
the representationfðxÞ ¼ fðcÞ þ
Z x
c
wðtÞdt; xP c:Theorem 1. Let f 2 Bq(0,1), q> 0 and x 2 (0,1). Then for C> 2 and n
sufﬁciently large, we haveððn 1Þ!Þ2

















ðn r 2Þx ðjfð2xÞ  fðxÞ









 f0ðxÞj þ 1
2
jf0ðxþÞ þ f0ðxÞj ð1þ rÞ þ xð1þ 2rÞ
n r 1 ;where
Wb
afðxÞ denotes the total variation of fx on [a,b], and the auxiliary function fx
is deﬁned by
Rate of convergence for generalized Baskakov operators 45fxðtÞ ¼
fðtÞ  fðxÞ; 0 6 t < x;
0; t ¼ x;
fðtÞ  fðxþÞ; x < t <1:
8><
>:Proof. On applying the mean value theorem, we getððn 1Þ!Þ2
































1; u ¼ x;
0; u – x:













bnr;kþrðtÞdt ¼ 0:Now, by using the above identities, we haveððn 1Þ!Þ2
































































Tn;r;1ðxÞ: ð3:3ÞCombining (3.1)–(3.3), we haveððn 1Þ!Þ2





































Tn;r;1ðxÞ: ð3:4ÞApplying Remark 2 and Lemma 1, in (3.4), we haveððn 1Þ!Þ2
ðnþ r 1Þ!ðn r 1Þ!Vn;rðf; xÞ  fðxÞ












ð1þ rÞ þ xð1þ 2rÞ
n r 1 : ð3:5Þ
































































































ððf0ÞxÞ: ð3:6ÞFor estimating the integral ðn r 1ÞP1k¼0pnþr;kðxÞ R12x bnr;kþrðtÞC1t2qdt in (3.6)
above, we proceed as follows:













¼ C122qTn;r;2qðxÞ ¼ OðnqÞðn !1Þ:











n r 2 :Applying Schwarz inequality and Remark 1, third term in right hand side of (3.6)















bnr;kþrðtÞðt xÞ2dt ¼ jf0ðxþÞjCð1þ xÞ
n r 2 :By collecting the estimates, we havejAn;rðf;xÞj 6 OðnqÞ þ jf0ðxþÞj  Cð1þ xÞ
n r 2þ
Cð1þ xÞ
ðn r 2Þx ðjfð2xÞ  fðxÞ













ð3:7ÞOn applying, Lemma 2 with y ¼ x xﬃﬃ
n
















































































ððf0ÞxÞ; ð3:8Þwhere u ¼ x
xt.
The required result is obtained on combining (3.5), (3.7) and (3.8). h
Rate of convergence for generalized Baskakov operators 49As a consequence of Lemma 3, we have the following corollary:
Corollary 1. Let f(s) 2 DBq(0,1), q> 0 and x 2 (0,1). Then for C> 2 and for n
sufﬁciently large, we haveððn 1Þ!Þ2



















 ðjDsfð2xÞ DsfðxÞ  xDsþ1fðxþÞj þ jDsfðxÞjÞ þOðnqÞ
þ Cð1þ xÞ










jDsþ1fðxþÞ þDsþ1fðxÞj ð1þ rÞ þ xð1þ 2rÞ
n r 1 ;where
Wb
afðxÞ denotes the total variation of fx on [a,b], and fx is deﬁned byDsþ1fxðtÞ ¼
Dsþ1fðtÞ Dsþ1fðxÞ; 0 6 t < x;
0; t ¼ x;
Dsþ1fðtÞ Dsþ1fðxþÞ; x < t < 1:
8><
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